GALOIS EXERCISES WITH THE SECOND CHERN CLASS

VICTOR P. SNAITH

ABSTRACT. We examine examples of the behaviour of a formula for the
second Chern class of irreducible representations related by Shintani base
change.
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1. THE SECOND CHERN CLASS AND 4-COCYCLE Cq4

Let G be a finite group with a subgroup H and suppose that A : H — C*
is a homomorphism. The coboundary of A is a homology class [\] € H?(H;Z)
represented by a 2-cocycle A on the inhomogeneous bar resolution of H.

The second cohomology class of the complex representation Ind%(\) is
denoted by ¢, (Ind$(\)) € HY(G; 7).

As described in §2 there is a homomorphism

@m:G—>2m/H

where m = [G : H].
In §2 we describe an explicit 4-cocycle

64 - Homz[szH] (&Em/H, Z)

which gives rise to a cohomology class
*[¢,) € HY(G;Z)
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whose relation to the second Chern class is given by
CQ(IHdg(:\)) = 0270(/\) + 01’1()\) + CQQ()\)

where

(a) co2(A) = @7[ca],

() c11(N) = ¢ (Ind§ (1)) - TraceG () .

(©) e20(A) = ea(Indy (1))

The above formulae originate in [3] and [4] and the explicit 4-cocycle was
derived in [14] by following the theory discovered by Lenny Evens. The
formula simplifies when we invert 6 to

co(Ind$ (X)) = e20(N\) € HY(G; Z[1/6])

because 6 kills the low-dimensional integral cohomology of symmetric groups
which contain ¢;(Ind$ (1)) and ¢,(Ind$ (1)) ([7], [8]).

The explicit 2n-cocycle ¢, € H**(X,, [ H;Z) analogous to ¢4 has a similar
form the finding of which I leave as an exercise to the reader. The relation
between ¢y, and the n-th Chern class has more terms in it (see [4]).

2. A 4-COCYCLE ¢4 AND GROUP ACTIONS

Now suppose that G is a finite subgroup with subgroup H such that
x1,..., T, are coset representatives for G/H = {z1H,..., v, H}.
Therefore there is a homomorphism

6 :G — %,

such that

where h;(g) € H. Since
9(9' (@) = 925 gy hi(9)
= L6 (6) (xS (9") (1)) P i) (9) P (9)
= TG (gg)(0) (9 (0) (9) i (9)
we see that

If we set

3% (9) = (15(9). hi(9), ha(g). .. hu(g)) € Em / H
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we find that
% (99)
= (75(g99"), h1(99"), h2(9d"), - - -, hnlgg"))

= (Wg(g)ﬂfGI(g/)ﬂ hﬂ'g(g’)(l) (g)hl (g/)7 hwg(g’)(Z) (g)h’Q(g,)a SRR hTrIG{(g’)(n) (g)hn<g/))

= (7§;(9), h1(g),- -, hnl9)) - (75i(g"), Pi(g"), - -, (")

= 0% (9)25(9")
so that
GG — %, / H

is a homomorphism, depending (up to conjugacy) on the choice of coset rep-
resentatives. See [14] for the conventions concerning the multiplication in the
semi-direct product X, [ H'.

Let B,G denote the inhomogeneous bar resolution of G' ([6] p.212 et seq;
[11]). Suppose that A € Homyu(ByH,Z) is a 2-cocycle. Then from [14] we
have a 4-cocycle

64 c Homz[szH] (&Zm/H, Z)

sending the 4-chain (6, 0,0’, 0", 0" € ¥,, and iLj, hy, b0 B € H)

2= (&b, (0 b, (R @ B (" B )]
to
54(2) = Z )‘[hfffl(i)|h,(aa/)—1(i)] ’ )\[h,(laa’a”)—l(j)|h/(,¢;z7’o'”o"”)—1(j)]7
1<i#j<m

which defines a cohomology class
[¢4] € H4(Em/H;Z) = Hg(Zm/H;Q/Z) = Hom(Hg(Em/H;Z),Q/Z).

Let J be a finite group acting (on the left) upon G and preserving the
subgroup H. Suppose that ¢ € J and that \: H — C* is a homomorphism
such that ¢*(\) = .

We have an isomorphism of cohomology groups

8 : H'(H;C*) =~ Hom(H,C*) — H*(H;Z).

We shall verify that there is a 2-cocycle A representing 9(\) which is
also invariant under ¢. Using the inhomogeneous bar resolution to describe

IThe product in the semi-direct product J o« G differs from that chosen for the multi-
plication in the wreath product.
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H*(H; M), when H acts trivially on M, the cohomology is the homology of
the chain complex

M — Map(H, M) — Map(H x H M) — Map(H x H x H, M) — ....

On the level of this chain complex 9(A) is given by a representative A :
H x H — Z defined in the following manner. Write A(h) = ¢>™V=1(") where
z(h) is a real number in the range 0 < xz(h) < 1. Lift A to A : H — C such
that e’ = \(h) given by A(h) = 27/ —1x(h). Therefore
dA):Hx H—C
is given by
d(N)(h, ha) = M) — Mhiho) + Ahy) = 20V =1(z5 — [21 4 23] + 1)

where [x] + x9] = 21 + 22 if 0 < @y + 29 < 1 and [y + 23] = 21 + 29 — 1 if
1 < a1+ 29 < 2. By definition

Ay, hy = d(N)(hy, hy) /27y —1

so that
0 if0§131+$2<1

A(hy, he) =

Since the ¢-action fixes X and hence also z1, 7o we see that it fixed ARy, ha),
too.

Since J acts on G/ H there is a homomorphism ¢ — S, € 3,,.

As an important special case we shall first study the case where the J-action
gives a permutation of the coset representatives i.e. ¢(x;) = TS, (i)-

We have, as introduced earlier, gx; = Lt (g)(i)hi(g) and acting by ¢ yields

P(9)5,0) = T5(xG (9)(i))P(1i(9)) = T (3G (9151 (50 P (i (9))-
Setting S, (i) = j we have
$(9)75 = (5,76 (55,13 P (Pis; 17y (9))-
From ([14] §5) we have
O, : GLFpn — Em/H
given by

B,(9)) = (19(9) 11(9), ha(g), - .. hom()) € Eim / i
so that
%wwﬂz@M%w%ﬂd%ymwﬂ~wﬂ%ﬂm@mEEm/H-

Multiplication in the semi-direct product is given by

(0,h1,... hy) - (0" Y, ..o hy) = (00" horayhy, ooyl - . )
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so that
(Stb’ L,.. ) ’ (Wg(9)7 ¢(h1(g))a s >¢(hm(g))) ' (S;1> L.. )

= (851, --) - (75 (9)S; ", dlhg=11)(9)) - - - D=1y (9)))

= (8675 (9)S5 ", Slhg; 11y (9)), - DDy (9)))-
Therefore ® extends to a homomorphism on the of semi-direct product
with J, also denoted by ®,,
G, JxG— X%, / H

given by ¢ — Sy. Here the multiplication in J o G' is given by
(6.9)(¢,9') = (¢, 98(g"))-

On the inhomogeneous bar resolution in dimension four ®, maps
9ol9119219s94]
to, temporarily denoting 7% simply by T,

(m(g0), h1(90), - )[(7(91), P (1), .- )|(7(g2), ha(g2), --.)|
(7(g3), P1(g3), - ) (7(ga), h1(ga), -.-)]

so that in the notation for the 4-cocycle ¢4 we have
o =m(g0), 0 =7(g1), o' =7(g2),0" = m(gs), 0" = 7(gu)
and
hi = hi(g0), hi = hi(g1), by = hi(gs), hi = hi(gs), B = hi(gs)-
For the 4-cycle which starts by sending go[g1]g2]93|g4] to

(7(90), 7 (6(90))s -+ )(7(91), i (9(91)), )| (7(92), ha (D(g2)), ) -]

we have

= 7(ga)

and

i(90) = hi(#(90)), hi(g1) = hi(d(91)), Ri(g2) = hi(d(g2)),

hi(gs) = hi(#(g3)), hi'(gs) = hi(d(ga))-

From the formula, introduced earlier, defining the 4-cocycle

64 € Homz[szH] (&Em/H, Z)

>
Ne)
=

|

sending the 4-chain (6,0,0’, 0", 0" € ¥,, and ij, hj, bR R € H)

J2 30

2= (6, (o ke (@R D" B )R]
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to
E4<Z> = Z )‘[ha_l(i)’h/(aa’)*l(i)] ’ )\[h/(loa’a”)*l(j)|h/(/éa’a”a”’)*1(j)]'
1<i#j<m
The two 4-chains
(6, 1) [(o, B)|(o", 1) |(c”, B")| (", "))

introduced above differ only in the fact that ¢ has been applied to the h’s. If
the 2-cocycle A is fixed by ¢ then ¢4 agrees on these two 4-chains.
Therefore, for g € G,

C1(D2(6(90)) [@x(d(g1)) - ]) = (S = S71) Ca(®@s(g0)[Pa(n) --.])-
Hence the 4-cocycle on GG extends to the semi-direct product J o G by
sending the action of ¢ to (S, — S;l).
The above discussion establishes the following result:

Theorem 2.1.

Let J be a finite group acting on the left of the finite group G and preserving
the subgroup H C G. Suppose that there exists a set of coset representatives
for G/H which are permuted by the J-action. Let A € Homyy)(By,H,Z) be
a J-fixed 2-cocycle defined on the inhomogeneous bar resolution, where all
groups act trivially on Z. Then the 4-cocycle, which was introduced above,

@;54 S Homz[g] <E4G, Z)

extends to a 4-cocycle in the bar resolution of the semi-direct product J «x G,
by the explicit formula given above.

In Theorem 2.1 we considered the special situation where the homomor-
phism ¢ — Sy could be realised by the action of ¢ permuting the coset
representatives of G/H. Now we compare this with the general situation in
which all we know is that ¢ permutes the cosets G/H.

Since gb*(S\) = X for all ¢ € J we may extend ) on the semi-direct product
to give a homomorphism, also denoted by A,

N:Jox H—C*

given by (¢, h) = A(h).

Therefore we have an induced representation Ind’}>%(\) whose associated
¢4 we shall calculate. The cosets satisfy

JxG/Jx H={(1,2;)J x H |1 <i<m}

where the z; € G are the coset representatives for G/H.

Therefore gx; = xwg(i)hi(g) with ¢ € G and h;(g) € H. We also have
O(1,2:) = (1, 25,))(5,(0), () with ¢ € J and (j,(9), hi(#)) € J o H.

Here S : J — %, is a homomorphism.
Since, in the semi-direct product J o< G, we have

(0, 1)(1,9) = (¢, ¢(69)) = (1,0(9))(1,9)



so that
Sy - mii(g) = 75 (6(9)) - Sg € L.

Therefore we have a homomorphism
(Dm:JocG—>Em/(Jo<H)
given by

(I)Q(l,g) = (ﬂ-g(g)a (17 hl(Q))? (17 hQ(g))7 R (1’ hm(g))) S /(J X H)
®,(1,07(9)) = (75 (6 (9)), (1, (97 (9))), (1, ha(671(9))); - -, (1, hun(971(9))))

8,(6.1)) = (S5, (1, (). 1y (). .. (_(6),hn(8))) € T / (J o H).

<m

Therefore

®.(¢,9)

= Dy (¢, 1)®5(1,67(9))

= (56, (4,(8), 11(9)), -, (4,,,(8), b (9))) X

(75 (¢71(9)), (1, ha(671(9))), (1, ha(&7H(9))), - -, (1, hun(67H(9))))

7 (¢

-->(J G (6-1(g))( (¢) h‘(7r —1(g) m))h (o™ 1( ))))

Starting in the inhomogenous bar resolution in dimension four with the
4-chain

(¢0, 90)[(P1, 91)| (D2, g2) (D3, g3) | (P4, 94)]
we have, in the notation for the 4-cocycle & associated to Ind7>% (X),
0= S¢07Tg(¢61(90)>a 0= S¢17T§I(¢1_1(gl))> o' = S¢27TIC;<¢2_1<92))7

J”=S¢37Tfl(¢§l(g3>7> 0" = Sy, (01" (94))



and

~

s = (i o (900 Biag 5 oo (5 (90),

hi:<~zw§(¢ ( (¢1) (7S (67 (91)) hi(61 " (91))),

91))

By = (gt (92)- i3 i hi(03 " (92),

hi = (lﬂg(d, (¢3)>_ 31 (93))(4) )h (¢3 (93)));

W—u%4mwwo o hi(07(92)))
Theorem 2.2.

Let J be a finite group acting on the left of the finite group G and preserv-
ing the subgroup H C G. Let A\ € Homyy)(B,H,7Z) be a J-fixed 2-cocycle,
derived as the coboundary of the homomorphism 5\, defined on the inho-
mogeneous bar resolution, where all groups act trivially on Z. Then the
4-cocycle, which was introduced above, associated to the induced representa-
tion Ind XS (N),

@;54 S Homz[g] (§4J x G, Z)
is a 4-cocycle in the bar resolution of the semi-direct product J o« G, given
by the explicit formula for ¢, using the parameter-values

o,0,0,0" 0", h Jha BERYCRY

79 1) () (3

listed immediately above.
The following result is clear from the formulae.

Corollary 2.3.
The 4-cocycles of Theorem 2.1 and Theorem 2.2 coincide in the special case
of Theorem 2.1.

3. Irr(GLyF,)

In the [12] Chapter Three) the irreducible Weil representation r(0) is con-
structed from a character © : Fy, — C* which is not fixed by the Frobenius
of Fp2/F,. I shall recall other constructions of r(©) in an Appendix. Before
proceeding further, we shall now construct the remaining irreducible repre-
sentations of G Ly,

Suppose that we are given characters of the form

Xo X1, X2 2 By — C°

then we clearly have a one-dimensional representation, L(y), given by

t

L(x) = x - det : GLyF, 2% Fr 25 ¢,
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If x1 and xo are distinct define
InfE(x1 ®x2) : B— C*

by inflating x; ® x» from the diagonal torus, 7', to the Borel subgroup, B, of
upper triangular matrices. That is

a
e (g ] ) =)
Define a (¢ + 1)-dimensional representation, R(x1, x2), by

R(x1,x2) = Ind;™" " (InfE (x1 ® x2)).

When x = x1 = x2 we have

InfE(x ® x) = Resa*"(L(x)) : B— C"*

so that there is a canonical surjection of the form
GLQFq B GLQFq
Indg (Infr (x® x)) — IndGLqu(L(X)) = L(x).

Therefore we may define a g-dimensional representation, S(x), by means
of the following split short exact sequence of representations

0 — S(x) — Ind™"(Inff (x ® x)) — L(x) — 0.

Theorem 3.1. ([12] Theorem 3.2.4) A complete list of all the irreducible
representations of G Ly Fy is given by

(i) L(x) for x : Fy — C~,

(ii) S(x) for x : Fy — C~,

(iii) R(x1,x2) = R(x2, x1) for any pair of distinct characters

X1, X2 by — C°

and

(iv) r(©) = r(F"(©)) for any character © : F, — C* which is distinct
from its Frobenius conjugate, F'*(O).

4. SHINTANI BASE CHANGE

4.1. Let ¥ € Gal(F;~/F,) denote the Frobenius automorphism. Let us recall
the main result of [10] which, for our notation used in [13] for the semi-direct
product, is stated in the following form:

Theorem 4.2. ([10] Theorem 1; see also Lemmas 2.7 and 2.11)

(i) Let p be a finite-dimensional complex irreducible representation of
GL,F,. Then there exists an irreducible representation p of the semi-direct
product Gal(F;m/F,) o« GL,F,m which satisfies, for all g € GL,Fm,

Xa(2,9) = exo([9%(g) .- X" (9)])
where ¢ = +1 is independent of g. Here [¢X(g)...X™ '(g)] denotes the

unique conjugacy class in GL,IF, given by the intersection of the conjugacy
class of g3(g)...X™ (g) in GL,Fym with GL,F,.
9



(ii) The Shintani base change correspondence (see [13] Appendix I, §4),
which is a bijection,

Sh : Irr(GL,F g ) G2 Fam /F0) =, [rp(GL,F,)

is given by, in the case where ¢ may be chosen to equal 1 in part (i),
Gal(Fym [Fq)xGLnFgm , ~
Sh(ReSGaL,(LJqu/ o () = p.
When € = —1 is the only possibility there is an extension, denoted by p/, of
p to Gal(F 2m /F,) o< GL,F,m and

X (2,9) = x,([95(g) .- - 2" (g)])
specifies x(p) in this case.

In this Theorem yx, denotes the character function of p. In part (ii) of
the theorem it should be noted that p is an irreducible of the first kind be-

cause the x;(2, g)’s are not identically zero ([10] Lemma 1.1(i)) and therefore

Gal(Fgm /Fq)oGLnFgm  ~\ - : : .
ResGLfL]Fq':/ D XGnfam (5) s an irreducible representation.
q

Given p as in part (i) of the theorem write p(z,1) = X, for z € Gal(F m /F,)
and p(1,9) = p(g) for g € GL,F,m. Since (1,¢)(z,1) = (z,g) we have

X2p(g) = p(z(9)) X-
so that y3(%, g) = Trace(p(1, g)Xx) (see [10] Theorem 1)

For p and p as in Theorem 4.2 the matrix Xy will satisfy X&' = 1. How-
ever, as mentioned in the statement of ([10] Theorem 1), for a general Galois
invariant p there exists a choice satisfying X3 = £1. When X3 = 1 the
extension p of p may be constructed as in Theorem 4.2 but when X3 = —1
the extension of p must be a representation of Gal(F,2m /Fy) oc GL,Fym.

Given a choice of p the irreducible extension p to the semi-direct product,
which we may take to be Gal(FF2m /F,) o< GL,F;m in general, is unique up to
twists by Galois characters.

5. EXAMPLES OF SHINTANI BASE CHANGE AND ¢y

Example 5.1.

Suppose that r(0) € Irr(GLyFyn )% Fa /o) so that © : Fr,, — C* and
F(©) # O where F € Gal(F,2n/F4n) is the Frobenius. Since r(©) is Galois
invariant we have ([12] p.102)

*

F*Qn F 2n
Y(Respl " (0)) = Resg? " (O)
where ¥ € Gal(F,» /F,) is the Frobenius. Therefore there is a unique character
O : F; — C* such that for all z € F},
O(2) = O(N(2))

2The formula of [10] differs from mine because we have used different formulae for the
multiplication in a semi-direct product.
10



where N : F;, — F; is the norm. Since Gal(Fgn/F,) = Z/2n we shall

denote the Frobenius in this group by ¥ also. Since 3(©) and © must be

distinct on F?,, we must have X(0) = F(0) = £"(0) and so ¥"(0) = ©.

Since (X"!) must be a proper subgroup of (3) we see that n must be off and
Z/n = (5" = Gal(F2n /F ).

Therefore there exists a unique O : F?; — C* such that O(w) = O(N(w))
for all w € F,,. If 2 € Fy and s € Fy. satisfy N(s) = z one finds that

O(z) = O(s) ([12] p.102).
Shintani base change in this case satisfies

Sh(r(©)) = r(©).

From the short exact sequence of Theorem 6.1 the second Chern class of
r(©) is given by

e2(r(©)) = ex(Ind}y 2" (6 ® 1)) — ey(Ind > (6)

GLyFyn
—a(r(®))Ua(lndg., " (0))
where, by the discussion of §1, we have

cs(In dGLQF O ® V) = @*[041]+01(IndGL2F (1)) - TracefIL2F (A1)

+eo(Ind " (1)

where ®*[¢4,] is the appropriate 4-cocycle introduced in §2 and A; is the 1-
dimensional cohomology class given by the character ©® ® U. Similarly we
have

¢o(In df;f” (©)) = *[¢y0) + cl(mdf;f” (1)) - Trace]?LQF (M)
+02(Ind§*L2F “(1)).
Shintani base change of r(0) is 7(©) whose second Chern class is given by

e (r(®)) = cg(IndGL2Fq CERDE CQ<1ndGL2Fq<@))

—(r(©) Uer (Indg*(8))
where, by the discussion of §1, we have

02<1ndGL2F O T)) = &[] +cl(IndGL2]F (1)) - TraceG 4 (\g)

GLyF,
Tea(Ind§ (1)
11



where ®*[¢43] is the appropriate 4-cocycle introduced in §2 and A; is the 1-
dimensional cohomology class given by the character © ® W. Similarly we
have

&(IndSF™ (8)) = ©*[E1a] + e1(Indf"*™ (1)) - Tracel ™ (\y)

+ea(Indge>"(1)).

The above formulae show how one may extract the ingredients for cy(r(0))
from those of the formula for cy(r(0)). Since H'(Gal(F,. /F,); S) is trivial for
S = Fzgn, Hy ., G LoFn the Galois invariants of G/H for any suitable pair of
these is the coset space of the Galois invariants of G and H. This implies that
O* in O*[¢43] and $*[¢44] is given by the action of the Galois-fixed points of
the coset space used to derive ®*[¢4 1] and ®*[¢45] respectively. Similarly the
characters A3 and A, are the unique ones which, composed with the norm,
give A\; and A\, respectively.

Example 5.2.

Suppose that R(x1, x2) € Irr(G LyF )G Fan/Fa) but that x; is not Galois
invariant. In this case ¥(x1) = x2 and X(x2) = x1, where ¥ € Gal(F/F,)
is the Frobenius automorphism. Therefore we have a quadratic character

Gal(F,» /F,) = Z/n — {1}

given by the Galois permutation of {x1, x2}. Write n = 2d then ¥?(x;) = x1
and there exist characters

X1> X2 FZQ — C
such that x;(z) = X;(N(z)) for z € F, and N is the norm
N :Fp — Fp.
If F e Gal(Fpz/F,) then F(X,) =X, and F(X,) = X; and there exists
X1 Fg —C

such that x1(2)x2(2) = X12(N(2)) for z € F.. Also the restriction of ; or
X» to I} is equal to X o( [12] p.100).
The Shintani base change in this example is given by

Sh(R(x1,x2)) = r(X1) = r(Xa)-
The second Chern class of R(x1, x2) is given by

e2(R(x1, x2)) = @*[1s] + er(Ind 2" (1)) U Traces” " (4s)

Bqun

Feo(Ind 52 " (1))

B]Fqn
12



where ®*[¢45] is the appropriate 4-cocycle introduced in §2 and A; is the
1-dimensional cohomology class given by the character

X1® X2 Bpn — Fon x Flw — C*.
The Shintani base change of R(x1,x2) is 7(X;) = r(X2), whose second
Chern class is given, for i =1 or ¢ = 2, by
ea(r(X:)) = ea(Indy, ™ (X @ W) — e (Indg”" (X))

q

—c1(r(%:)) U er (Indg L”q<xz>>-

By the discussion of §1 the first two terms in this expression are given by

C2(IndGL2Fq( ,©0)) = 0*[Cy6] + m(Indgﬁ;Fq(l)) TraceGL2Fq(>\6)

Fes(IndGER(1)

where ®*[¢46] is the appropriate 4-cocycle introduced in §2 and Ag is the
1-dimensional cohomology class given by the character ,; and similarly

(I (7)) = B[] + e (Ind27 (1)) - Tracel" (1)

+c2(1ndGL2Fq( 1)).

Remark 5.3.

In these simple examples of Shintani base change it is plain to see how the
data in the formula for the second Chern class of Sh(p) is determined by the
data in the formula for the second Chern class of p and vice versa.

The story is similar if one replaces the finite field by a non-Archimedean lo-
cal field in the base change for admissible irreducible complex representations
in the case of GL,.

It would be interesting to see examples of a similar relationship for other
G L, base change examples.

6. APPENDIX: WEIL REPRESENTATIONS FOR G'LoF, AND MONOMIAL
RESOLUTIONS

Using the notation of ([12] Chapter Three), let 7(©) denote the Weil rep-
resentation of G Ls[F, associated to the character © : F ;2 — C* such that
F(©) # 0.

From ([12] Chapter Three) we know that the natural representation of the
Borel subgroup Ind5(© @ W) extends to a GLyF,-action to give r(0). Hence
we have

Ind$"*" (0 © ¥) = Ind$"*"r(0) — r(0)

by sending g ® g w to ¢g - w. This is clearly surjective.
13



The following result is easily proved using the conjugacy class data and
character values given in ([12] Chapter Three). After verifying the character
value calculation just mentioned and after working out a different proof, which
proceeds to prove exactness directly, I chanced to spot this result in ([2] p.47).

The direct proof uses a careful examination of maps in the Double Coset
Formula [12], which is fun but more tricky than we need here. I leave it as
an exercise for the reader!

Theorem 6.1.
There is a short exact sequence of G LyF -representations

[1]

[11]

[12]

[13]

[14]

0 — Indg.*"*(0) — Ind"™" (0 ® W) — r(©) — 0.
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